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ON CONFORMAL VECTOR FIELDS PARALLEL TO THE
OBSERVER FIELD
A. DIRMEIER, M. PLAUE, AND M. SCHERFNER
Abstrat. We review a theorem by Hasse and Perlik establishing a result
haraterizing parallax-free osmologial models via three equivalent proper-
ties  namely the existene of a redshift potential, the existene of a onformal
vetor eld parallel to the observer eld, and the vanishing of the shear of
the observer eld together with some integrability ondition. We are able to
provide a simplied proof using Noether's theorem to alulate a onserved
quantity along lightlike geodesis that is onneted with the onformal sym-
metry. Thereby we derive more detailed information about the onnetion
of the kinematial invariants to the redshift isotropy and the onnetion of
onformal vetor elds to the ausality of spaetime.
1. Introdution
In 1985, Treder [13℄ proposed that osmi rotation ould be observed as an aber-
rational motion of distant osmi objets. Following this idea, Hasse and Perlik
proved 1989 (see [5℄) that a non-vanishing osmi rotation annot be the only
ause of parallax eets. Aording to their analysis, the only kinematial prop-
erty of the model that is diretly related to parallax eets is the shear. However,
we will show that the rotation annot be totally arbitrary. This theorem (alled
HassePerlik theorem in this artile) also shows that a osmologial model ist
parallax-free if and only if there exists of a onformal vetor eld proportional
to the observer eld whih is in turn equivalent to the existene of a redshift
potential.
We will use the term parallax in its most general sense as the general relativisti
amalgamation of proper motion, aberration and parallax.
In this artile, after some mathematial preliminaries, we prove some fundamental
properties of onformal vetor elds. A simple but important observation turns
out to be the fat that onstant multiples of a onformal vetor eld onstitute a
natural equivalene lass of onformal vetor elds. This will lead to an important
proposition whih states that a family of onformal vetor elds proportional to
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the observer eldeah dened on an open subset of a manifoldleads to an
equivalene lass of globally dened onformal vetor elds, if the manifold an
be overed by these open subsets.
Furthermore, all physial quantities only depend on the equivalene lass of on-
formal vetor elds and not on a hosen representative. We will illustrate this
fat in the ase of the redshift and the angle between light rays.
In the third setion, we give a simplied proof of the HassePerlik theorem and
disuss the kinematial onstraints of a parallax-free spaetime.
Finally, we obtain some results onneting the ausality of a spaetime with the
existene of a onformal vetor eld with ertain kinematial properties.
2. Preliminaries
Notation and Conventions. In this artile, we will take M to be a four-
dimensional paraompat C∞-manifold. Also, we will assume any funtion or
tensor eld on M to be smooth. The tangent and otangent bundle over a
manifoldM will be denoted by TM and T ∗M respetively. For a dieomorphism
ϕ : M → M , we denote the pullbak map by ϕ∗ and the push-forward map by
ϕ∗.
The metri tensor will be written as a C∞-map g : TM × TM → R. Vetor
elds will be denoted by apital letters (X, Y, . . .). An index on suh a vetor
eld denotes the vetor eld evaluated at a point p ∈ M (e.g. Xp ∈ TpM).
Conformal vetor elds will usually be denoted by greek letters (ξ, η, ...). The
orresponding ovetor to the vetor X ∈ TM will be denoted by g(X, ·) ∈
T ∗M . For general k-forms, we will use latin letters (a, b, . . .). Although we prefer
invariant notation, a (pseudo-) orthonormal basis will be denoted by {Ei} =
{E0, Eα} with latin indies i, j, . . . = 0, 1, 2, 3 and greek indies α, β, . . . = 1, 2, 3,
suh that g(Eα, Eβ) = δαβ , g(E0, E0) = −1 and g(E0, Eα) = 0. Components
with respet to a loal hart we will denote with latin indies a, b, . . . = 0, 1, 2, 3,
therefore a point p ∈ M has omponents pa. Similarly we denote vetor and
ovetor omponents with respet to a natural hart by X = Xa ∂
∂xa
and g(X, ·) =
Xadx
a
respetively.
By ⌋ we will denote the inner produt of a vetor with a k-form, i.e. (X⌋a)(·, . . . , ·) =
a(X, ·, . . . , ·).
By ⊗ we will denote the ordinary tensor produt, by ∨ the symmetri tensor
produt and by ∧ the antisymmetri tensor produt (wedge produt). For two
vetors X and Y we dene these by
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X ∨ Y = X ⊗ Y + Y ⊗X
X ∧ Y = X ⊗ Y − Y ⊗X.
Similarly, by sym(·) we denote the symmetri part of a tensor of type (r, 0) or
(0, s) and by antisym(·) its antisymmetri part. For example, for a tensor T of
type (0, s), whih has omponents Ta1...as , these are dened by
sym(Ta1...as) =
1
s!
∑
σ∈P (a1...as)
Tσ(a1 ...as)
antisym(Ta1...as) =
1
s!
∑
σ∈P (a1...as)
sgn(σ)Tσ(a1...as),
where P (a1 . . . as) is the group of permutations of the indies a1 . . . as, and sgn(σ)
denotes the sign of the permutation σ.
We denote by ∇X the ovariant derivative along a vetor eld X with respet to
the LeviCivita onnetion on the manifold M whih obeys the usual derivation
rules. If X is the tangential vetor eld along a urve in M parametrized by s,
we also denote the ovariant derivative by ∇X =
D
ds
.
By LX we denote the Lie derivative along any vetor eld X . The Lie derivative
obeys the usual derivation rules among whih
(1) LfXg = fLXg + df ∨ g(X, ·)
for any salar funtion f will be of speial importane. For the Lie derivative of
dierential forms the following fundamental equation holds
(2) LXa = X⌋da+ d(X⌋a)
for any vetor eld X and any k-form a (Cartan's magi formula). Oasionally,
we will write the Lie derivative of a vetor eld Y with respet to another vetor
eld X as the Lie braket
[X, Y ] := LXY.
The Lie algebra of all vetor elds on a manifold M will be denoted by X (M).
Denition 2.1. (Spaetime) A spaetime is a tupel (M, g) onsisting of a four-
dimensional C∞-manifold M and a metri tensor eld g on M with trae tr(g) =
±2, alled the signature of g.
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We will hoose the signature of g to be +2 suh that a timelike vetor X has
negative squared norm g(X,X) < 0.
Denition 2.2. (World model) A tripel (M, g, V ) that onsists of a spaetime
(M, g) and a timelike vetor eld V (observer eld) on (M, g) will be alled a
world model.
We assume the observer eld V to be normalized suh that g(V, V ) = −1. The
existene of V implies that the spaetime of a world model is time orientable.
The integral urves of V are alled observers and may be interpreted as the world
lines of the osmi substrate (galaxies, et.). These integral urves will usually
be denoted by γ0, γ1, γ2, et.
Kinematial invariants. It is well-known (e.g. [4℄, hap. 4.1) that the ovariant
derivative g(·,∇·V ) of the observer eld V an be deomposed into irreduible
parts, alled kinematial invariants
(3) g(·,∇·V ) =
Θ
3
h+ σ + ω − g(∇V V, ·)⊗ g(V, ·).
Here, the tensor h is alled projetion operator. It projets onto the hyper-
planes perpendiular to V
(4) h(·, ·) := g(·, ·) + g(V, ·)⊗ g(V, ·).
It is obviously symmetri and has trae tr(h) = 3.
The kinematial invariants are dened as follows:
The volume expansion Θ
Θ := divV = tr(g(·,∇·V )).
The shear tensor σ
σ(·, ·) := sym(g(·,∇·V )) +
1
2
g(∇V V, ·) ∨ g(V, ·)−
Θ
3
h(·, ·).
The rotation or vortiity tensor ω
ω(·, ·) := antisym(g(·,∇·V )) +
1
2
g(∇V V, ·) ∧ g(V, ·).
The quantity ∇V V is alled aeleration and it obeys
(5) g(∇V V, V ) = 0.
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The integral urves of V are geodesis if and only if the aeleration vanishes.
All the kinematial invariants are quantities whih live on the hyperplanes per-
pendiular to V , i.e.
(6) σ(V, ·) = ω(V, ·) = h(V, ·) = 0.
Aording to [5℄ one an easily hek that
(7) LV g = 2 sym(g(·,∇·V )),
using the ordinary derivation rules.
Conformal Vetor Fields. Now we dene onformal vetor elds and the on-
formal symmetries assoiated with them, as well as some of their properties.
Denition 2.3. (1-parameter group of onformal symmetries) On a spaetime
(M, g) there exists a 1-parameter group of onformal symmetries i there is a
family of maps ϕt : R × M → M , (t, q) 7→ p = ϕt(q) that leaves the metri
onformally invariant. This means
(8) (ϕt∗g)q(Xq, Yq) = gp(ϕ
∗
tXp, ϕ
∗
tYp) = e
Φt gq(Xq, Yq) ∀X, Y ∈ TM,
or abbreviated
ϕt∗g = e
Φt g.
Φ is a salar funtion, alled the onformal fator, and t is the group parameter
(ϕt ◦ ϕs = ϕt+s, ϕ0 = id, (ϕt)−1 = ϕ−t).
Now it an be easily shown (e.g. [4℄, hap. 3.4) that suh onformal transfor-
mations are generated by vetor elds, whih are alled onformal vetor elds
(CVF). This gives rise to the following denition.
Denition 2.4. (Conformal vetor eld) A vetor eld ξ on (M, g) is alled a
CVF i there is a salar funtion Φ suh that the following holds:
(9) Lξg = Φg.
A onformal vetor eld ξ generates a 1-parameter group of onformal transfor-
mations sine
Lξg = lim
t→0
1
t
(ϕt∗g − g) = lim
t→0
1
t
(eΦt − 1)g = Φg.
with ϕt being the ow of ξ, whih maps the manifoldM to itself along the integral
urves of ξ. Beause of this the angle between vetors elds along these integral
urves are preserved in the following sense:
Proposition 2.1. Let ξ be a CVF on a spaetime (M, g) giving rise to a 1-
parameter group of onformal symmetries ϕt. Let γ : I → M , t 7→ γ(t) (with
I ⊂ R being an interval, ontaining 0 for simpliity, whih an always be ahieved
by an ane reparametrization of the urve parameter), be any integral urve of
ξ and X : I → TM , t 7→ Xt := Xγ(t), Y : I → TM , t 7→ Yt := Yγ(t) two non-null
vetor elds along γ. At eah point γ(t) along the urve, let X and Y be parallel
to their respetive push-forward
Xt ‖ ϕ
∗
tX0 Yt ‖ ϕ
∗
tY0.
Then the angle between X and Y is onstant along γ.
Proof: As the urve γ an be arbitrarily reparametrized and the onformal sym-
metries admit a group struture, it is suient to prove that the angle between
X and Y is the same at γ(0) and γ(t) for an arbitrarily hosen t ∈ I. The angle
between X and Y at γ(0) is given by
cos(α(0)) =
g(X0, Y0)√
|g(X0, X0)g(Y0, Y0)|
.
Thus, we may easily alulate via (8) the angle at γ(t) with fX and fY being the
funtions along γ satisfying Xt = fX(t)ϕ
∗
tX0 and Yt = fY (t)ϕ
∗
tY0.
cos(α(t)) =
g(Xt, Yt)√
|g(Xt, Xt)g(Yt, Yt)|
=
etΦfXfY g(X0, Y0)
etΦfXfY
√
|g(X0, X0)g(Y0, Y0)|
= cos(α(0))

We will all suh vetor elds, whih are related by the ow ϕt and thus the angle
between them is preserved, onformally Lie transported along the integral
urves of ξ. For these we an alulate the Lie derivative along ξ diretly through
its denition. First we get for the pullbak of onformally Lie transported vetor
elds
ϕt∗X = fX(t)X,
again for an arbitrary smooth funtion fX . Thus,
LξX = lim
t→0
1
t
(ϕt∗X −X) = lim
t→0
(
fX(t)− 1
t
)
X =
dfX
dt
X ‖ X.
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We will see that espeially all lightlike vetor elds andeven more important
their projetions onto the hyperplanes perpendiular to ξ are onformally Lie
transported along the integral urves of ξ.
By using the derivation rules of the Lie derivative, one an see that any multiple
by a onstant c of a CVF with onformal fator Φ is again a CVF with onformal
fator Ψ = cΦ:
Lηg = Lcξg = cΦg = Ψg.
This means that a CVF onM indues an equivalene lass of CVF's, the members
of whih are onstant multiples of eah other. This also orresponds to the fat
that the set of CVF's on a manifold M form a Lie algebra.
Now onsider a world model with a CVF ξ proportional to the observer eld V ,
i.e. there is some funtion f : M → R suh that
ξ = f · V, f > 0.
f will be alled onneting funtion in the following. World models with a
globally dened CVF proportional to the observer eld are also alled onfor-
mally stationary. We will allow f or ξ to be dened only on a submanifold of
M . We state the following proposition:
Proposition 2.2. On some open subset of a world model, let ξ be a CVF that is
parallel to the observer eld V with onneting funtion f . Then the onformal
fator Φ is given by
Φ = 2df(V ).
Proof: We insert twie the observer eld into the onformal equation and make
use of (1).
(Lξg)(V, V ) = Φg(V, V ) = −Φ
⇒ −Φ = (LfV g)(V, V ) = f(LV g)(V, V ) + 2df(V )g(V, V )
Beause of 0 = LV (g(V, V )) = (LV g)(V, V )+2g(LV V︸ ︷︷ ︸
=0
, V ) = (LV g)(V, V ) we have
2df(V ) = Φ.

Obviously, the onneting funtion f is only determined up to a onstant fator
for a given lass of CVF's.
Sine only the derivative of the onneting funtion enters the onformal equation,
one ould think that with f giving rise to a CVF along V , also f + c with
7
c = const 6= 0 would give rise to the same CVF. But one an easily hek that
this is not the ase in general. One would have
Φg = L(f+c)V g = Φg + cLV g,
whih is only true if LV g = 0, i.e. the observer eld is a Killing eld.
Now we prove that in the diretion of the observer eld there exists preisely one
equivalene lass of CVF's.
Proposition 2.3. Let U ⊆ M and W ⊆ U be open subsets of a world model
(M, g, V ). Let ξ = fV be a CVF dened on U , suh that Lξg = Φg and η =
hξ = hfV another CVF dened on W , suh that Lηg = Ψg. Then h is onstant
on W , that means ξ and η belong to same equivalene lass of CVF's.
Proof: Assume that h is non-onstant. Then by Prop. 2.2, Φ = 2df(V ) and
Ψ = 2d(hf)(V ) = 2fdh(V ) + hΦ
holds. Thus by (1) we have
Lhξg = hLξg + dh ∨ g(ξ, ·) = hΦg + dh ∨ g(ξ, ·) = Ψg.
This an only be true if
dh ∨ g(V, ·) = 2dh(V )g(·, ·).
This yields a ontradition as one immediately sees by introduing an orthonormal
basis {V,Eα} on W , suh that Eα ⊥ V (α = 1, 2, 3). Inserting Eα leads to
dh(Eα)g(V, ·) = 2dh(V )g(Eα, ·).
Sine {V = E0, Eα} is an orthonormal basis this an only hold for dh = 0. 
The following orollary is obvious but has far-reahing onsequenes: we may
use it to glue together CVF's that are just dened on open subsets to yield a
unique global equivalene lass of CVF's.
Corollary 2.1. Let {Ui}i∈J be a loally-nite open overing of a world model
(M, g, V ). Let {ξi}i∈J be a family of CVF's proportional to the observer eld
V , eah dened on the open set ξi ∈ TUi ∀ i ∈ J . Then there is a unique
equivalene lass of CVF's ξ ∈ TM proportional to the observer eld dened
globally on (M, g, V ).
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Proof: Obviously it follows from prop. 2.3, that two vetor elds ξi and ξj belong
to the same equivalene lass of CVF's on the intersetion of the orresponding
Ui and Uj for whih Ui ∩ Uj 6= ∅. Sine this is valid for all i, j ∈ J , all the ξi
belong to the same equivalene lass of CVF's, whih we name ξ. As M an be
overed by the Ui's, ξ is dened globally on M . 
In fat, this is valid for any overing of the world model, sine any over has a
loally-nite renement due to the paraompatness of the manifold M (e.g. [3℄,
Lemma 1.4.8).
Light Signals. As we will deal with the redshift of light rays modeled by null
geodesis of a world model as well as with parallaxes of the view lines of an
observerwhih are also null geodesiswe have to establish some denitions on
light signals, messages and null geodesis on a Lorentzian manifold. We mostly
follow the denitions in [10℄.
Denition 2.5. (Set of light signals) The set of light signals C on a world model
(M, g, V ) are setions of future pointing lightlike geodesis in [0, 1]-parametrisation:
C := {λ : [0, 1]→M | λ is a C∞-map with tangential vetor K := ∂/∂λ
satisfying ∇KK = 0, g(K,K) = 0, g(K, V ) < 0}
The endpoints of a light signal may be regarded as the sending event of one
observer and the reeiving event of another observer. However, for any two points
on the manifold the existene of a light signal between them is not guaranteed
beause they are not neessarily timelikely separated.
Denition 2.6. (Jaobi eld) J is alled a Jaobi eld along a lightlike geodesi
with tangential vetoreld K i
(10) ∇K∇KJ = R(K, J)K.
It is well-known that a Jaobi eld J provides an innitesimal variation for the
lightlike geodesi that is the integral urve of K. This means that the Jaobi eld
always points to an innitesimally lose geodesi. Thus, if the Jaobi eld an
be extended to points o the lightlike geodesi, it is the innitesimal generator
of a variation of the geodesi.
Denition 2.7. (Innitesimal message) On a world model (M, g, V ), let λ ∈ C
and J be a vetor eld along λ. J is alled an innitesimal message along λ if
the following four onditions hold:
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(i) J is a Jaobi eld,
(ii) g(K,∇KJ) = 0,
(iii) Jλ(0) = Vλ(0),
(iv) Jλ(1) ‖ Vλ(1).
In Denition 2.7, (i) expresses the fat that J desribes another geodesi (whih
is innitesimal lose to λ), (ii) ensures that this geodesi is lightlike, too, whereas
(iii) and (iv) express the fat that it onnets the same two observers as λ does.
Additionally, it is ommon to hoose Jλ(0) to be equal to Vλ(0) in (iii). One
ould also hoose it to be parallel, but with this onvention one an show that
along eah light signal there is a unique innitesimal message and the fator
onneting Jλ(1) and Vλ(1) relates to the redshift along the signal; both provided
that the light signal is regular [10℄. A light signal is alled regular if it is free
of onjugate points. And by denition (e.g. [9℄, hap. 10) there exists a pair of
onjugate points p and q along a geodesi σ i there is a nonzero Jaobi eld
along σ that vanishes at p and q. For light signals the following holds [10℄: a
light signal λ ∈ C is regular if and only if λ(0) is not onjugate to λ(1) along λ.
In the following, we will only onsider regular light signals for whih a unique
innitesimal message exists along them. We do this for two reasons: rst from
a physial point of view we onsider the ray-optial approximation to be valid,
i.e. we speak about light rays and not waves. In doing so we imply that there
is no fousing eet in the world model under onsideration, whih is known
to orrespond to onjugate points. Seond from a mathematial point of view
we onsider rather light signals, than inextendible lightlike geodesis, i.e. C only
ontains setions of lightlike geodesis that satisfy the regularity ondition above.
This implies that we an over any setion of a lightlike geodesi ontaining a pair
of onjugate points by two regular light signals: let σ : [a, b] → M be a lightlike
geodesi and let p, q ∈ [a, b] with a < p < q < b be a pair of onjugate points
along σ. Obviously the light signal λ0 ∈ C given by λ0(0) = p and λ0(1) = q
is not regular  but the light signals λ1 ∈ C and λ2 ∈ C, given by λ1(0) = a,
λ1(1) = c and λ2(0) = c, λ2(1) = b respetively, with p < c < q but otherwise
arbitrary, are regular, and λ0 ⊂ σ ⊂ λ1 ∪ λ2.
Denition 2.8. (Message) On a world model (M, g, V ), let γ1 : I1 → M and
γ2 : I2 → M be two integral urves of V , with I1 = [0, t] and I2 being two real
intervals. A 2-surfae F ⊂ M dened by the C∞-map
F : [0, 1]× [0, t]→M, (s, τ) 7→ F(s, τ)
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is alled a message from γ1 to γ2 of temporal (γ1)-duration t i
(i) F(·, τ) ∈ C ∀ τ ∈ I1,
(ii) For all s ∈ [0, 1], F(s, ·) is an integral urve of some Jaobi eld J(s, ·) :=
JF(s,·), whih is an innitesimal message for any light signal onsidered
in (i),
(iii) F(0, ·) = γ1|I1 and F(1, ·) = γ2|I2.
Here, the message maps I1 dieomorphially onto I2. For an arbitrary pair of
observers (γ1, γ2) neither the existene nor the uniqueness of a message between
them is guaranteed. But as long as an innitesimal message exists along a light
signal, there will also exist a message, at least in an open neighborhood of the
light signal to whih the innitesimal message an be extended.
Due to the denition above one an assert that a message is a lightlike geodesi
variation, the endpoints of whih vary along the integral urves of V . Thus a
message onsists of a family of lightlike geodesis all onneting the same two
observers.
Any message F is a submanifold with boundary of M , whih generally an be
immersed as we allow for self-intersetions. However, we will onsider them being
embedded from now on by splitting a message into shorter, non-interseting mes-
sages. For any message F , the Jaobi eld J and the lightlike tangential vetor
eld K to every light signal of the message form two pointwise linearly indepen-
dent vetor elds tangential to the message. Their Lie braket an generally be
alulated from (ii) in def. (2.7),
0 = g(K,∇KJ) = g(K,∇KJ)−
1
2
∇Jg(K,K) = g(K, [K, J ])
⇒ [K, J ] ‖ K.
Hene K and J generate a subalgebra of X (M), whih follows from Frobenius'
theorem.
3. The theorem of Hasse and Perlik
The theorem of Hasse and Perlik states that the following four onditions are
equivalent for a world model (M, g, V ) (see also tab. 1).
(i) There is a CVF proportional to V on M .
(ii) The shear vanishes and the one-form g(∇V V, ·)−
Θ
3
g(V, ·) is losed.
(iii) V admits a redshift potential.
(iv) The world model is parallax-free.
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(i)⇔(ii) is well-known and already Oliver and Davis gave a proof in [8℄. How-
ever, we will fully work out the proof sine to our best knowledge it has not yet
been onduted in invariant notation. For (i)⇔(iii) we will give a simplied proof
(ompared to [5℄) pointing out espeially the onnetion of the CVF to the exis-
tene of a onserved quantity along lightlike geodesis using Noether's theorem.
(i)⇔(iv) an also be simplied ompared to the proof given in [5℄; we will mimi
the proof given in [10℄, but ondut it in a straightfoward fashion using again
Noether's theorem.
Red-shift potential
3.4
⇐⇒ Lξg = Φg
3.3, 3.5
⇐⇒ Parallax-freeness
m 3.1
σ = 0, dρ = 0
Table 1. HassePerlik theorem
Vanishing of shear. The fat that a CVF proportional to the observer eld
leads to the vanishing of shear and vie versa is a well-known fat (e.g. [4℄ and
[8℄). It provides a onnetion between global and loal properties of the world
model and gives rise to the following proposition:
Proposition 3.1. If (M, g, V ) is a world model, the following two properties are
equivalent.
(i) There is a vetor eld ξ on M suh that ξ = f · V with a salar funtion
f > 0 and Lξg = Φg. That means ξ is a CVF proportional to V .
(ii) σ = 0 and the one-form ρ := g(∇V V, ·)−
Θ
3
g(V, ·) is losed (i.e. dρ = 0).
What attrats attention here is the fat that the existene of a CVF implies
the vanishing of shear without any further neessary ondition. The vanishing
of the shear tensor alone does not imply the existene of a CVF parallel to the
observer, but one has the additional ondition that the exterior derivative of some
one-form vanishes. This is beause the CVF implies a onformal symmetry
whih is basially a global onditionwhereas the shear vanishes due to the shear
tensor being zero at any point of the manifold  whih is an essentially pointwise
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ondition. Thus, one has to nd a way to integrate the vanishing of shear to a
global ondition. This leads to the problem of onstruting a onneting funtion
f from the vanishing of shear alone, whih is not possible. In demanding dρ = 0,
one an use Poinaré's lemma to nd a funtion f˜ dened on any onvex subset
of the manifold suh that ρ = df˜ . We will see that f˜ = ln f with the onneting
funtion f . Sine any Lorentzian manifold an be overed by a family of onvex
sets ([9℄, hap. 5), the loal CVF'seah dened on a onvex setan be glued
together to onstrut a global equivalene lass of CVF's due to prop. (2.3) and
its orollary.
Proof: We present a proof following the idea in [8℄, but using invariant notation
and working it out fully.
(i)⇒(ii): We make use of the deomposition of g(·,∇·V ) into the kinematial
invariants (3). We like to derive an equation relating Φ, f and Θ. To this end,
we rst ompute the trae of the onformal equation:
tr(Lξg) = tr(Φg).
Making use of (1), (7), the denition of the expansion Θ and tr(g) = 2, we obtain
tr(Lξg) = tr(fLV g + df ∨ g(V, ·)) = 2Φ
⇒ tr(2f · sym(g(·,∇·V )) + df ∨ g(V, ·)) = 2Φ
(11) ⇒ 2fΘ+ 2df(V ) = 2Φ.
From proposition 2.2 we get
(12) Φ = 2df(V ).
Combining (11) and (12) yields
(13) Φ =
2
3
fΘ.
Now we an rewrite the onformal equation with the help of (13) and using (1)
Lξg = LfV g = fLV g + df ∨ g(V, ·) =
2
3
fΘg.
Again, by (7) one obtains
2f
(
Θ
3
h+ σ −
1
2
g(∇V V, ·) ∨ g(V, ·)
)
+ df ∨ g(V, ·) =
2
3
fΘg.
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By using the denition of the projetion operator (4) and solving for σ one obtains
the following expression for the shear
(14) σ(·, ·) =
1
2
(
g(∇V V, ·)−
df
f
)
∨ g(V, ·)−
Θ
3
g(V, ·)⊗ g(V, ·).
Inserting V into (14) yields
g(∇V V, ·) +
df(V )
f
g(V, ·) =
df
f
+
2
3
Θg(V, ·).
By arefully examining this equation one sees that g(∇V V, ·) is orthogonal to
g(V, ·), whereas df(V )
f
g(V, ·) and 2
3
Θg(V, ·) are parallel to g(V, ·). By projeting
this equation onto the hyperplanes perpendiular to g(V, ·), only g(∇V V, ·) and
the omponent of
df
f
orthogonal to g(V, ·) remains, the latter of whih is obviously
df
f
+ df(V )
f
g(V, ·). Thus, one has
g(∇V V, ·) =
df
f
+
df(V )
f
g(V, ·).
Now, by (12) and (13) the following holds:
(15)
df
f
= g(∇V V, ·)−
Θ
3
g(V, ·) = ρ.
Thus,
(16) ρ = d(ln f) ⇒ dρ = dd(ln f) = 0.
Now by starting from (14) and using (15) we an easily show that σ vanishes
σ =
1
2
(g(∇V V, ·)− ρ) ∨ g(V, ·)−
Θ
3
g(V, ·)⊗ g(V, ·)
⇒ σ =
1
2
Θ
3
g(V, ·) ∨ g(V, ·)−
Θ
3
g(V, ·)⊗ g(V, ·) = 0.
(ii)⇒(i): Let σ = 0 and dρ = d
(
g(∇V V, ·)−
Θ
3
g(V, ·)
)
= 0. By Poinarï¿½'s
lemma there is a salar funtion ln f suh that d(ln f) = ρ (f > 0). We hoose
Φ :=
2
3
fΘ and ξ := fV.
Now we alulate Lξg, using (4), (7) and the denitions above:
Lξg = fLV g + df ∨ g(V, ·)
= 2f
(
Θ
3
h−
1
2
g(∇V V, ·) ∨ g(V, ·)
)
+ df ∨ g(V, ·)
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= Φg +
2
3
fΘg(V, ·)⊗ g(V, ·)− fg(∇V V, ·) ∨ g(V, ·) + df ∨ g(V, ·)︸ ︷︷ ︸
=:A
.
By the denition of ρ one an now show that A vanishes
A = 2f(
Θ
3
g(V, ·)⊗ g(V, ·)−
1
2
g(∇V V, ·) ∨ g(V, ·) +
1
2
df
f
∨ g(V, ·)).
= 2f(
Θ
3
g(V, ·)⊗g(V, ·)−
1
2
g(∇V V, ·)∨g(V, ·)+
1
2
(g(∇V V, ·)−
Θ
3
g(V, ·))∨g(V, ·)) = 0
Hene we reover the onformal equation
Lξg = Φg.

The following orollary of this proposition was proven by Oliver and Davis, too
(see [8℄). We present it here in invariant notation and work out the proof. It gives
the rst hint that if a CVF exists, the rotation annot be totally arbitrary, but
has to satisfy some integrability onditions. The equations one gets are similar
to Rayhaudhuri's equations for ω, whih desribe the evolution of ω along the
observer eld in terms of the ovariant derivative (e.g. [6℄). Sine ω and g(∇V V, ·)
are dierential forms with g(∇V V, V ) = ω(V, ·) = 0, due to eqn.(2) their Lie
derivative relates also to the V omponent of their exterior derivative.
Corollary 3.1. On a world model (M, g, V ) admitting a CVF ξ proportional to
the observer eld V , the following two integrability onditions for the aeleration
and the rotation must hold:
(i) LV ω =
Θ
6
ω
(ii) LV g(∇V V, ·) =
1
3
h(dΘ− Θ
2
g(∇V V, ·))
Here, h(·) denotes the projetion on the hyperplanes perpendiular to V .
Proof: First we show that
(17) V ⌋dg(V, ·) = −
1
2
g(∇V V, ·).
Using a basis {Ei} one obtains V i∇[jVi] =
1
2
(V i∇jVi − V i∇iVj), whih leads to
V ⌋dg(V, ·) = 1
2
(g(∇·V, V ) − g(∇V V, ·)) in invariant notaion. By (3) we obtain
g(∇·V, V ) = 0, whih yields (17).
For ρ = g(∇V V, ·)−
Θ
3
g(V, ·) we get
(18) dρ = dg(∇V V, ·)−
dΘ
3
∧ g(V, ·)−
Θ
3
dg(V, ·) = 0.
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By wedging this equation with g(V, ·) one obtains
(19) dg(∇V V, ·) ∧ g(V, ·) =
Θ
3
dg(V, ·) ∧ g(V, ·).
(i) We alulate LV ω. From the denition of the rotation we get the general
expression
ω = −dg(V, ·)−
1
2
g(V, ·) ∧ g(∇V V, ·),
whih implies
dω =
1
2
dg(∇V V, ·) ∧ g(V, ·)−
1
2
g(∇V V, ·) ∧ dg(V, ·).
Inserting (19) it follows that
dω =
Θ
6
dg(V, ·) ∧ g(V, ·)−
1
2
g(∇V V, ·) ∧ dg(V, ·).
By (2) we obtain
LV ω = V ⌋dω + d(V ⌋ω),
and due to V ⌋ω = ω(V, ·) = 0 this yields
LV ω = V ⌋(
Θ
6
dg(V, ·) ∧ g(V, ·)−
1
2
g(∇V V, ·) ∧ dg(V, ·))
=
Θ
6
[(V ⌋dg(V, ·)) ∧ g(V, ·) + dg(V, ·) ∧ (V ⌋g(V, ·))]−
−
1
2
[(V ⌋g(∇V V, ·)) ∧ dg(V, ·)− g(∇V V, ·) ∧ (V ⌋dg(V, ·))] .
Due to V ⌋g(V, ·) = g(V, V ) = −1, V ⌋g(∇V V, ·) = g(∇V V, V ) = 0 and (17) it
follows that
LV ω =
Θ
6
[
−
1
2
g(∇V V, ·) ∧ g(V, ·)− dg(V, ·)
]
=
Θ
6
ω.
(ii) We alulate LV g(∇V V, ·) using again (2). This yields
LV g(∇V V, ·) = V ⌋dg(∇V V ·) + d(V ⌋g(∇V V, ·)︸ ︷︷ ︸
=0
).
Inserting (18) and (17) leads to
LV g(∇V V, ·) = (V ⌋
dΘ
3
) ∧ g(V, ·)−
dΘ
3
(V ⌋g(V, ·)) +
Θ
3
V ⌋dg(V, ·)
=
1
3
(dΘ(V )g(V, ·) + dΘ) +
Θ
6
g(∇V V, ·) =
1
3
h(dΘ−
Θ
2
g(∇V V, ·)).

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This orollary gives rise to the following theorem. It was already proven by Oliver
and Davis [8℄ and also by Perlik [10℄. The fundamental statement of this theorem
is that world models with a CVF proportional to the observer eld annot both
rotate and expand if the aeleration vanishes.
Theorem 3.1. If there is a CVF ξ on a world model (M, g, V ) with ξ ‖ V and
zero aeleration (∇V V = 0), then the expansion vanishes
Θ = 0
or the rotation vanishes
ω = 0.
Proof: From (19) in orollary 3.1 we nd for vanishing aeleration
(20)
Θ
3
g(V, ·) ∧ dg(V, ·) = 0.
Computing the wedge produt of the denition of ω with g(V, ·) we nd
(21) g(V, ·) ∧ dg(V, ·) = −g(V, ·) ∧ ω.
Inserting (21) into (20) and taking the inner produt of the equation with the
observer eld V yields
Θ
3
ω = 0.
Thus, Θ or ω must vanish. 
This theorem lays important onstraints upon the onstrution of osmologial
models with rotation and expansion. If we like to onstrut a world model with
vanishing shear (σ = 0), Θ 6= 0 and ω 6= 0, we an either set the aeleration
to zero (∇V V = 0) or demand that there is a CVF proportional to the observer
eld (∃ ξ ‖ V ). In the rst ase we loose the properties of parallax-freeness
and the existene of a redshift potential, but the world lines of the matter are
geodesis. In the seond ase the matter does not move along geodesis but we
have a onformally stationary spaetime.
Red Shift. We like to reover the properties of the redshift of a onformally
stationary world model via a onserved quantity. So we rst state Noether's
theorem in a general and more informal version.
Theorem 3.2. (Noether's Theorem I) For every ontinuous symmetry of the a-
tion there is exatly one quantity that is onserved along the physial trajetories.
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Null geodesis like the trajetories of light rays an be obtaind from a variational
priniple as has been shown in [11℄ for a Hamiltonian treatment or in [9℄, hap.
10, where the ation funtional and the allowed variational vetor elds are given
expiitly. One an easily write down a Lagrangian in terms of a loal hart that
leads to geodesi urves in the manifold under onsideration. Let
s : R→M s 7→ x(s)
be a urve in the manifold M and xa(s) its omponents with respet to a loal
hart. Thus the tangential vetor eld to the urve is given by
x˙(s) =
dx(s)
ds
= x˙a(s)
∂
∂xa
.
We dene a Lagrangian by
L : TM → R L(x, x˙) =
1
2
gab(x)x˙
ax˙b.
If this Lagrangian is onstrained to the nullone, i.e.
L = 0,
the tangential vetors of the urve are lightlike and we obtain lightlike geodesis
for the physial trajetories. The nullone forms a seven-dimensional submanifold
N ⊂ TM (see [12℄, hap. 5.6). Thus, one gets all lightlike geodesis of the
manifold (in terms of a loal hart) from introduing Lagrangian multipliers in
the EulerLagrange equations. This is also known as the d'AlembertLagrange
priniple (e.g. [1℄, hap. 2.5)
(22)
d
ds
(
∂L
∂x˙a
)
−
∂L
∂xa
= µ(s)
∂L
∂x˙a
.
First we an alulate the generalized momentum k = kcdx
c
for x˙c
kc =
∂L
∂x˙c
= gab(x)
∂x˙a
∂x˙c
x˙b = gab(x)δ
a
c x˙
b = gcbx˙
b.
From this we an also obtain a Hamiltonian H(x, k) by applying the Legendre
transform:
H : T ∗M → R H(x, k) = kax˙
a(x, k)−L(x, x˙(x, k)).
To alulate this quantity, we have to solve the veloities for the momenta
ka = gabx˙
b ⇒ x˙a = gabkb.
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Hene
H(x, k) = kakbg
ab −
1
2
gabg
acgbdkckd =
1
2
gab(x)kakb.
To evaluate the EulerLagrange equations we express the operator
d
ds
in terms
of the ovariant derivative and the omponents of the LeviCivita onnetion
(Christoel symbols)
d
ds
(kc) = x˙
a∂a(kc) = x˙
a∇a(kc) + x˙
aΓbackb,
where x˙a∇a = ∇x˙ =
D
ds
.
It is well-known that the partial derivative of the metri tensor an also be ex-
pressed in terms of Christoel symbols
∂
∂xc
(gab) = Γ
d
cbgda + Γ
d
cagdb.
Thus (22) beomes
gab∇x˙x˙
b + gdbΓ
d
acx˙
bx˙c −
1
2
x˙bx˙c(Γdabgdc + Γ
d
acgdb) = µ(s)gabx˙
b
⇒ gab∇x˙x˙
b + x˙bx˙cΓda[cgb]d = µ(s)gabx˙
b.
The seond term in this equation vanishes due to symmetries of the indies.
Hene we reover the pregeodesi equation for the veloities
∇x˙x˙ = µ(s)x˙,
whih leads to lightlike geodesi equations by ane reparametrisation
∇KK = 0
for
x˙a
∂
∂xa
= K and kadx
a = g(K, ·).
If we now onsider onformal transformations
g(x)→ g′(x′) = eΦ(x)g(x),
we see that they preserve the nullone and the Lagrangian beomes
L → L′ =
1
2
eΦ(x)gab(x)x˙
ax˙b.
This primed Lagrangian leads to the same lightlike pregeodesis, up to reparametri-
sation, as the unprimed one. We an assume the onformal transformation to be
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non-isometri (i.e. Φ 6= 0) as it is well-known that isometries are symmetries for
all geodesis. One easily alulates the onjugate momentum for L′ to
ka = Φgabx˙
b.
Therefore we have to evaluate the EulerLagrange equations
d
ds
(
∂L
∂x˙a
)
−
∂L
∂xa
= µ(s)Φgabx˙
b,
whihby a similar alulation as the one aboveresults in
∇x˙x˙ =
∇Φ
Φ
L−
g(∇Φ, x˙)
Φ
x˙+ µ(s)x˙,
where we denote the gradient of Φ by ∇Φ suh that dΦ = g(∇Φ, ·).
Introdution of the nullone ondition L = 0 yields
∇x˙x˙ =
(
µ−
g(∇Φ, x˙)
Φ
)
x˙.
This is basially again the lightlike geodesi equation by means of an appropri-
ate ane transformation. What we emphasized here in terms of a Lagrangian
treatment is the well-known fat that onformal transformations map lightlike
pregeodesis to lightlike pregeodesis (see e.g. [2℄). Therefore a one-parameter
group of onformal symmetries on a manifold M leaves the nullone submani-
fold N ⊂ TM invariant, and aording to Noether's theorem there must be a
onserved quantity along the lightlike geodesis orresponding to this symmetry.
This onserved quantity an be omputed from the innitesimal version of the
symmetry, i.e. from the CVF induing it. So we an now state Noether's theorem
in a more expliit version (see [1℄, hap. 3, theorems 1 and 3).
Theorem 3.3. (Noether's Theorem II) A Lagrangian system (M,L) admits a
one-parameter group of symmetries Φt if and only if I = 〈ξ, V 〉 is a rst integral
of the equations of motion.
By a Lagrangian system (M,L) we mean a C∞-manifold M and a Lagrangian
L : TM → R from whih the equations of motion an be derived. 〈·, ·〉 is an
inner produt on TM , in our ase 〈·, ·〉 = g(·, ·). V onsists of the tangential
vetor elds along the physial trajetories and ξ|p =
d
dt
Φt(p)|t=0 is the vetor
eld generating the symmetry, in our ase the CVF. As a rst integral of the
equations of motion we onsider a quantity that is onstant along the physial
trajetories. This will be used now for the ase of onformal transformations,
CVF's and light signals.
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Theorem 3.4. (Conservation of onformal frequeny) On a world model (M, g, V )
a vetor eld ξ proportional to the observer eld is a CVF i the quantity g(ξ,K)
is onserved along any light signal λ ∈ C. g(ξ,K) is alled onformal frequeny
(CF) in the following. This means, that the following two onditions are equiva-
lent:
(i) Lξg = Φg,
(ii) ∇K(g(ξ,K)) = 0 or g(ξ,K) = onst along any λ.
Proof: (i)⇒(ii): For a given CVF this is shown easily by diret alulation using
only the lightlike geodesi equation ∇KK = 0, the fat that K is a null vetor
and the deomposition ∇Kξ = ∇ξK + LξK:
∇K(g(ξ,K)) = g(∇Kξ,K) + g(ξ,∇KK) = g(∇ξK,K) + g(LξK,K)
=
1
2
∇ξ(g(K,K)) +
1
2
Lξ(g(K,K))−
1
2
(Lξg)(K,K)
= −
1
2
(Lξg)(K,K) = −
Φ
2
g(K,K) = 0
(ii)⇒(i): This is diult to show by diret alulation but is obvious from
Noether's theorem (3.3). 
Nevertheless, (ii)⇒(i) an be proved by diret alulation using the Newman
Penrose (NP) formalism for CVF's introdued by Ludwig et al., see [7℄ and the
referenes therein. From the onservation of the CF it follows that
(23) g(∇Kξ,K) = 0,
whih does not ontain any derivatives of the null vetor eld K anymore. Thus,
this equation must be valid for any lightlike vetor K|p at an arbitrary point
p ∈ M . In a suiently small neighborhood of p this vetor an be extended to
a null vetor eld, for whih ∇ξ(g(K,K)) = 0 is inevitably true. This results in
0 =
1
2
∇ξ(g(K,K))− g(∇Kξ,K) = g(∇ξK −∇Kξ,K) = g(LξK,K)
for every lightlike vetor eld K, and in partiular for the null-tetrad vetors
in the NP formalism. The onditions g(LξK(i), K(i)) = 0 must hold for every
tetrad vetor K(i) with i ∈ {0, 1, 2, 3} under spin-boost transformations and null
rotations (null-tetrad gauge). These transformations for the tetrad {K(i)} =
{l, k,m, m¯} (with g(l, k) = −1, g(m, m¯) = 1 and all other produts zero) are
(24) l → A·l k → A−1·k m→ eiΘm m¯→ e−iΘm¯ ,
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with the real funtions A and Θ on M and
(25) l → l m→ m+ c¯l m¯→ m¯+ cl k → k + cm+ c¯m¯+ cc¯l
with the omplex funtion c.
For a given vetor eld ξ = fV parallel to the observer eld V one an hoose the
spin gauge (24) suh that V = 1√
2
(l+k) and the general formula LξV = −df(V )V
yields the onformal fator Φ := 1
2
df(V ). By further demanding the invariane
of (23) under null rotations (25) one obtains for the tetrad vetors
Lξl = −
Φ
2
l Lξk = −
Φ
2
k Lξm = −
Φ
2
m Lξm¯ = −
Φ
2
m¯.
It an be easily heked that this leads to the onformal equation Lξg = Φg for
the metri.
The following remark is in order: as we hek for the denitions 2.7 and 2.8
of an (innitesimal) message we see that also the Jaobi eld J dened on any
message obeys the ondition g(∇KJ,K) = 0 for the lightlike vetor eld K of
the light signals the message onsists of. Thus, the Jaobi eld J is a CVF on a
message, regarded as a 2-surfae F , i.e. a CVF for the metri indued on F by the
embedding inM (inner metri of F). This is obvious sine the ow of J maps the
lightlike geodesis in F into eah other. In the sense of the Lagrangian treatment
above the ow of J on any message is a symmetry for a Lagrangian onstrained
to the null-one NF ⊂ N ⊂ TM of F . The fat that suh a symmetry always
exists on a message orresponds to the fat that a message F an be regarded as a
2-dimensional spaetime itself. As it is well-known that 2-dimensional Lorentzian
manifolds are onformally at, there always exists a CVF on them.
We will now relate the theorem of CF onservation to the notion of a redshift
potential found in [5℄. Sine the CVF is proportional to the observer eld with
onneting funtion f , it follows from theorem 3.4 that the quantity f ·g(V,K) is
onserved along lightlike geodesis. It is well-known that νp = |g(Vp, Kp)| is the
(physial) frequeny of a light ray with tangential vetor eld K that rosses an
integral urve of the observer eld at a point p ∈M , measured by the observer at
p. Thus, the onservation of the CF an be onsidered as the reason for the hange
of the physial frequeny along a null geodesi  also known as the redshift.
The redshift along a light signal is usually dened as the ratio of the frequeny
hange to the emitted frequeny. For a light signal onneting two points p, q ∈M
the redshift is thus given by
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(26) zp→q =
∆ν
νp
=
νp − νq
νp
,
whih is negative if the reeived frequeny is higher than the emitted frequeny
(blue shift). A notion that is more suitable for our purposes is the redshift
funtion of a world model [10℄.
Denition 3.1. (Red-shift funtion) A funtion r : C → R dened by
exp r(λ) :=
g(K(0), Vλ(0))
g(K(1), Vλ(1))
is alled a redshift funtion on (M, g, V ).
A redshift funtion relates to zp→q via zλ(0)→λ(1) = exp r(λ) − 1. Let s be the
ane parameter of any light signal λ (running from 0 to 1), then one an easily
hek [10℄ that the redshift funtion obeys
r(λ) = ln g(V,K)|λ(0) − ln g(V,K)|λ(1) = −
∫ 1
0
g(∇KV,K)
g(V,K)
|λ(s)ds.
We are now ready to dene the following:
Denition 3.2. (Red-shift potential) A redshift funtion r on a world model
(M, g, V ) is said to have a potential f : M → Ralled redshift potentialif the
redshift between two points in M only depends on the value of f at these points,
i.e.
r(λ) = ln f(λ(0))− ln f(λ(1))
holds for every light signal λ.
A redshift potential provides another means of desribing onformally stationary
world models:
Proposition 3.2. On a world model (M, g, V ), there is a CVF ξ = fV propor-
tional to the observer eld V if and only if the onneting funtion f is a redshift
potential.
Proof: We show that the existene of a redshift potential is equivalent to the
onservation of onformal frequeny:
0 = ∇K(g(ξ,K)) =
d
ds
(f ·g(V,K)) = g(V,K)
df
ds
+ f
d
ds
(g(V,K))
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⇔
d(ln f)
ds
=
d
ds
(g(V,K))
g(V,K)
=
g(∇KV,K)
g(V,K)
⇔ −
∫
λ
d(ln f) = −
∫ 1
0
g(∇KV,K)
g(V,K)
|λ(s)ds = r(λ)
r(λ) = ln f(λ(0))− ln f(λ(1))

On a onformally stationary world model, with the 1-form ρ = d(ln f) we an
write for the redshift funtion:
(27) r(λ) =
∫
λ
ρ.
Thus, we onlude in this ase by def. (26) and (27) that
zp→q =
f(q)
f(p)
− 1.
Hene the redshift stays the same if we multiply f by a onstant, i.e. the redshift
only depends on the equivalene lass of CVF's.
We also see that the redshift is isotropi i zp→q depends only on the spatial dis-
tane of p and q. A suient ondition for this is the vanishing of the aeleration
∇V V = 0. In this ase due to (27) we have
r(λ) = −
∫
λ
Θ
3
g(V, ·).
However, zero aeleration is not neessary for isotropy in redshift, as laimed
in [10℄. One an onstrut onformally stationary world models with ∇V V 6= 0
whih exhibit an isotropi redshift; but the aeleration is not ompletely arbi-
trary:
∫
λ
ρ has to be a funtion of the spatial distane of the points p and q,
onneted by λ only.
Parallaxes. First we dene three notions of parallax-freeness following [10℄.
Denition 3.3. (Parallax-free in the strong sense) (M, g, V ) is alled parallax-
free in the strong sense (sPf) i for any three observers γ0, γ1, γ2 the following
holds: the angle between γ1 and γ2 as seen on the elestial sphere of γ0 is onstant
over time (proper time of γ0).
Denition 3.4. (Parallax-free in the weak sense) (M, g, V ) is alled parallax-free
in the weak sense (wPf) i for any three observers γ0, γ1, γ2 the following holds
true: if γ0 at one instant of time (proper time of γ0) sees γ1 and γ2 in the same
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spatial diretion so he sees them in the same spatial diretion at every instant of
time.
Denition 3.5. (Parallax-free in the mathematial sense) (M, g, V ) is alled
parallax-free in the mathematial sense (mPf) i for any message F in the world
model, the observer eld restrited to F is tangential to F , i.e. on the message
the observer eld V is a linear ombination of the Jaobi eld J and the lightlike
vetor eld K. Hene we have
(28) J(τ, s)− vVF(τ,s) ‖ K(τ, s) ∀(τ, s) ∈ [0, t]× [0, 1]
with an appropriate funtion v = v(τ, s) on any message.
Obviously sPf implies wPf. In fat it is also obvious that wPf implies mPf: one
observer γ0 seeing two other observers γ1 and γ2 in the same spatial diretionat
one instant in timemeans they are behind eah other in the sense that the
light signal λ0 starting at γ2 and ending at γ0 rosses the world line of γ1 for
some parameter s ∈ [0, 1]. If we assume that this light signal is given by τ = 0
in a message between γ2 and γ0 (i.e. λ0 = F(0, ·)), the world line γ1 has to be
ontained in F for all τ ∈ [0, t] in order for γ2 to be behind γ1 at all later
times. Sine this must be true for any three observers, this gives eqn. (28). Not
so obvious is the fat that the onverse statement also holds. We will prove it
along with the fat that parallax-freeness is equivalent to the existene of a CVF.
Hereby we use the proof struture of table 2.
sPf
trivial
=⇒ wPf
⇑ Prop. 3.5 trivial⇓
Lξg = Φg
Prop. 3.4
⇐= mPf
Table 2. Proof struture of parallax-freeness
Proposition 3.3. If a world model (M, g, V ) is parallax-free in the mathematial
sense, then on any message there is a CVF proportional to the observer eld.
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Proof: In the following we will suppress the oordinates s and τ for simpliity.
First we orthogonally projet both sides of (28) onto K, whih yields
g(K, J)− vg(K, V ) = 0 ⇒ v =
g(K, J)
g(K, V )
.
Sine we only onsider future pointing lightlike geodesis, g(K, V ) is negative.
For g(K, J) we onlude from (ii) in def. 2.7 that g(K, J)|s is onstant along any
light signal λ and therefore g(K, J) = g(K(0), Vλ(0) < 0. Hene we have v > 0 on
the whole message F .
Now projeting (28) with g(K,∇K ·) yields, sine λ is a null geodesi,
g(K,∇KJ)− g(K,∇K(vV )) ‖ g(K,∇KK) = 0
⇒ g(K,∇KJ) = g(K,∇K(vV )) = ∇K(g(K, vV )).
Again by def. 2.7 we have g(K,∇KJ) = 0. Hene
(29) ∇K(g(K, vV )) = 0
holds. By theorem 3.4, ξ := vV then is a CVF proportional to the observer eld
on any message F . 
We have onstruted CVF's proportional to the observer eld essentially on the
whole world model, but eah of them only dened on a message. What is left to
prove is that this leads in fat to a global CVF. This is provided by the following
proposition.
Proposition 3.4. If a world model (M, g, V ) is parallax-free in the mathemati-
al sense, then there is a unique equivalene lass of CVF's proportional to the
observer eld on M .
Proof: By parallax-freeness we have a CVF proportional to V on any message.
As V is tangential to any message and sine [K, J ] ‖ K, one also has [K, V ] ‖ K
due to eqn. (28). Thus, the observer eld and the lightlike vetor eld K of
any message generate a losed subalgebra of X (M). Using Frobenius' theorem,
there is a odimension two foliation of any open subset Ui ⊂ M , the plaques of
whih are messages. We hoose the subsets Ui suh that they form a loally-nite
over of M . Then due to prop. 2.3 the CVF on any Ui is unique. That means
in this ase, we get the same CVF if we hoose another foliation, with another
onneting funtion v. Now one an glue together the CVF on any Ui by means
of the orollary to prop. 2.3. 
26
The next proposition provides the way bak, from a CVF proportional to the
observer eld to the ondition that the world model is sPf. In proving this we
show that all three denitions of parallax-freeness are in fat equivalent as well
as equivalent to onformal stationarity.
Proposition 3.5. If a world model (M, g, V ) provides a CVF ξ ‖ V then
(M, g, V ) is parallax-free in the strong sense.
Proof: Choose an arbitrary observer γ0 reeiving two arbitrary messages F1 and
F2 of arbitrary duration t. Let the observers γ1 and γ2 be the soures of these
messages, respetively. Then the null vetors K1(1, τ) and K2(1, τ) belong to
the messages and provide two lightlike vetor elds along γ0. The diretions on
the elestial sphere of γ0 from whih she reeives the messages are given by the
projetion of K1 and K2 to the hyperplanes perpendiular to V . Hene
Yi = Ki + g(Ki, V )V i = 1, 2
are two spaelike vetor elds along γ0. Sine the vetor elds Ki eah belong to a
unique message, they are onformally Lie transported along γ0, i.e. LξKi = αiKi
for some funtions αi. This is beause [K, J ] ‖ K on any message and J ‖ V on
γ0. The projetions Yi are onformally Lie transported, too  as a straightforward
alulation shows, using Lξg = 2df(V )g and LξV = −df(V )V
LξYi = αiKi + Lξ(g(Ki, V )V ) = αiKi − df(V )g(Ki, V )V+
+2df(V )g(Ki, V )V + αig(Ki, V )V − df(V )g(Ki, V )V = αiYi.
Thus, prop. 2.1 tells us that the angle between Y1 and Y2 remains onstant. As
this is valid for any observer in (M, g, V ), the world model is parallax-free in the
strong sense. 
4. Causality
As has been shown in [14℄, the existene of a global time funtion is a nees-
sary and suient ondition for a spaetime to be stably ausal. Sine a CVF
proportional to the observer eld naturally provides a funtion f on Mthe on-
neting funtionthis raises the question under whih irumstanes it represents
a global time funtion.
Theorem 4.1. (Stable ausality) A time orientable spaetime is stably ausal i
there is a dierentiable funtion f globally on M , suh that its gradient is timelike
and past pointing everywhere.
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Sine we deal with world models only, time orientability is always given beause
of the existene of an observer eld. One an now easily dedue two propositions
whih give some requirements to the onneting funtion f and the kinematial
invariants. Although these requirements are suient for the world model under
onsideration being stably ausal, they are in no way neessary. The following
proposition 4.1 an be regarded as a speial ase of proposition 4.2, dening a
lass of onformally stationary spaetimes that is omprised of those world models
for whih the gradient of the onneting funtion is always parallel to the observer
eld. One then sees that in this lass of world models the expansion must not
hange its sign. It is also well-known (see [12℄) that for suh world models (whih
are synhronizable, i.e. g(V, ·) ∝ df) the rotation vanishes.
Proposition 4.1. Let (M, g, V ) be a world model whih admits a proper CVF ξ
proportional to the observer eld V . Let f be the onneting funtion, i.e. ξ = fV .
If the gradient of the onneting funtion is proportional to V and nowhere zero,
then the spaetime (M, g) is stably ausal.
Proof: We denote by ∇f the gradient of the onneting funtion f , suh that
df = g(∇f, ·). As f > 0 by denition, ∇(−f) is timelike and past pointing:
g(∇(−f),∇(−f)) ∝ g(−V,−V ) = −1 < 0 ⇒ timelike
g(∇(−f), V ) ∝ −g(V, V ) = 1 > 0 ⇒ past pointing
Thus, (M, g) is stably ausal by theorem 4.1. 
In ase the gradient of f is not proportional to V , the spaetime may be stably
ausal if the gradient remains timelike and the expansion is nowhere zero (|Θ| >
0). However, this puts a onstraint on the aeleration ∇V V .
Proposition 4.2. Let (M, g, V ) be a world model whih admits a proper CVF ξ
proportional to the observer eld V . Let f be the onneting funtion suh that
ξ = fV and let |Θ| > 0. If for the aeleration and expansion
g(∇V V,∇V V ) <
Θ2
9
holds, the spaetime (M, g) is stably ausal.
Proof: Without loss of generality we may assume f > 1 by hoosing the right
CVF from the equivalene lass. This leads to ln f > 0. Hene we have
ρ = d(ln f) = g(∇(ln f), ·).
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This implies
g(∇(ln f), V ) = ρ(V ) = g(∇V V, V )−
Θ
3
g(V, V ) =
Θ
3
.
Thus we an hoose ln f as a time funtion if Θ > 0 and − ln f if Θ < 0, suh
that its gradient is always past pointing.
The squared norm of ∇(ln f) reads
g(∇(ln f),∇(ln f)) = g(∇V V,∇V V )−
Θ2
9
.
The spaetime (M, g) is stably ausal if this norm is stritly negative. 
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